Eureka Math Module 3 - Similarity

Lesson 1 - What Lies Behind the "Same Shape”?

Essential Questions:

Exploratory Challenge
Two geometric figures are said to be similar if they have the same shape but not necessarily the
same size. Using that informal definition, are the following pairs of figures similar to one another?
Explain.

Pair A:
Pair C: O
Explain: Explain:
Pair B:
Explain: Explain:
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Pair E: . Pair G: o
‘__\:\Ii'-_/- ,/O O\u
| —
| | E=2
h
Explain:
Explain:
Pair F: i
|/O O\‘ l‘/o o\_
|\ /,- \—/ Pair H: |
S (
Explain:
Explain:
Similar:
Dilation:




Eureka Math Module 3 - Similarity

Own Your Own

1. Given |OP| =5 in.

a. If segment OP is dilated by a scale factor
r = 4, what is the length of segment OP' ?

b. If segment OP is dilated by a scale
factor = % , what is the length of segment
OP'?

Use the diagram below to answer Exercises 2-6. Let there be a dilation from center 0. Then
Dilation(P) = P' and Dilation(Q) = Q' . In the diagram below, |OP| = 3 cm and |0Q| = 4 cm, as shown.

2. If the scale factor
isr = 3, what is
the length of
segment OP' ?

3. If the scale factor
isr = 3, what is
the length of
segment OP' ?




4. Use the definition
of dilation to show
that your answer
to Exercise 2 is
correct.

Eureka Math Module 3 - Similarity

5. If the scale factor
isr = 3, what is
the length of
segment 0Q' ?

6. Use the definition
of dilation to show
that your answer
to Exercise 4 is
correct.

7. If you know that
|oP| = 3, |OP'| = 9,
how could you use
that information
to determine the
scale factor?

Summary:
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Lesson 1- Independent Practice

1. Let there be a dilation from center 0. Then Dilation(P) = P' and Dilation(Q) = Q' . Examine the
drawing below. What can you determine about the scale factor of the dilation?

P ,'“’ ol

L4 ‘
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2. Let there be a dilation from center 0. Then Dilation (P) = P' , and Dilation(Q) =Q' . Examine the
drawing below. What can you determine about the scale factor of the dilation?

0




Eureka Math Module 3 - Similarity

3. Let there be a dilation from center 0 with a scale factor r = 4. Then Dilation(P) = P' and
DilatiomQ) = Q' . |OP| = 3.2 cm, and |0Q| = 2.7 cm, as shown. Use the drawing below to answer
parts (a) and (b). Drawing not to scale.

a. Use the definition of dilation to determine the length of OP’ .

b. Use the definition of dilation to determine the length of 0Q’.
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4. Let there be a dilation from center O with a scale factor r.
Then Dilation(A) = A', Dilation(B) = B' , and Dilation(C) = C'. |0A| = 3, |0B| = 15, |0C| = 6, and
|OB' | = 5, as shown. Use the drawing below to answer parts (a)-(c).

OA|=3

loC] =f)'<

a. Using the definition of dilation with lengths OB and OB’ , determine the scale factor of the
dilation.

b. Use the definition of dilation to determine the length of OA".

c. Use the definition of dilation to determine the length of 0C
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Lesson 2 - Properties of Dilations

Essential Questions:

Question: Make a conjecture about how dilations affect lines, segments, and rays?

Lines:

Segments:

Rays:

Angle:

Example 1

Find P' and Q. ’\2\\
Q
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Example 2: Do you
think line L would still
be a line under a
dilation with scale
factor r = 3? Would
the dilated line, L',
still be parallel to L?

L
P
Q
.0
Example 3
What would happen if the center O were on line L?
— L
—_ U | i
———e—___ O
— Q

10
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Example 4:
A dilation maps a ray to a ray.

What must the length of segment OB’
be?

What happened to our ray after the o
dilation?

What do you think would have happened
if we selected our center O as a point on
the ray AB?
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On Your Own

Given center 0 and triangle ABC, dilate the triangle from center O with a scale factor r = 3.

Oe

a. Note that the triangle ABC is
made up of segments 4B, BC,
and CA. Were the dilated
images of these segments still
segments?

b. Measure the length of the
segments AB and A'B' . What
do you notice? (Think about
the definition of dilation.)

c. Verify the claim you made in
part (b) by measuring and
comparing the lengths of
segments BC and B'C’' and
segments CA and C'4A’ . What
does this mean in terms of
the segments formed between
dilated points?

12
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d. Measure £ABC and
£A'B'C'. What do you
notice?

e. Verify the claim you
made in part (d) by
measuring and comparing
£BCA and £B'C'A" and
£CAB and £C'A'B'. What
does that mean in terms
of dilations with respect
to angles and their
degrees?

Summary:

13
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Lesson 2 - Independent Practice

1. Use aruler to dilate the following figure from center 0, with scale factor r = %

14
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2. a.Use a compass to dilate the figure ABCDE from center 0, with scale factor r = 2.

15
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b. Dilate the same figure, ABCDE, from a new center, 0', with scale factor r = 2. Use double primes

(A"B"C"D"E") to distinguish this image from the original. b. What rigid motion, or sequence of rigid
motions, would map A"B"C"D"E" to A'B'C'D'E"?

16
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¢. What rigid motion, or sequence of rigid motions, would map A"B"C"D"E" to A'B'C'D'E"?

3. Given center 0 and triangle ABC, dilate the figure from center O by a scale factor
of r= %. Label the dilated triangle A'B'C'.

17
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4. A line segment AB undergoes a dilation. Based on foday's lesson, what will the image of the
segment be?

5. Angle 2GHI measures 78°. After a dilation, what will the measure of 2G'H'I' be? How do you
know?

18
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Lesson 3 - Examples of Dilations

Essential Questions:

Example 1
Dilate circle A from center O at the origin by scale factor r = 3

19

20
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On Your Own

Exercise 1

1. Dilate ellipse E,
from center O at
the origin of the
graph, with scale
factor
r = 2. Use as many
points as
hecessary to
develop the
dilated image of
ellipse E.

I/_—__\\
\\h__r:.-/;

2. What shape was
the dilated image?

20
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Example 2

In the picture below,
we have a triangle
ABC, that has been
dilated from center
0, by a scale factor
of r =+ . It is noted
by A'B'C'.

What we can do to
map this new
triangle, triangle
A'B'C', back to the
original?

Example 3

In the picture below
we have triangle DEF
that has been p’
dilated from center
0 by a scale factor
of r=4. E
It is noted by D'E'F'

s

Make a conjecture
about how we could
map this new triangle
D'E'F' back onto the
original triangle.

21
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In the last two
problems, we needed
to figure out the
scale factor r that
would bring a dilated
figure back to the
size of the original.

Is there any
relationship between
the scale factors in
each case?

Based on these
examples and the
two triangles we
examined, determine
a general rule or way
of determining how
to find the scale
factor that will map
a dilated figure back
to its original size.

22



Eureka Math Module 3 - Similarity

Exercise 3. Triangle ABC has been
dilated from center O by a scale
factor of r = ideno‘red by triangle
A'B'C.

Using a ruler, verify that it would
take a scale factor of r = 4 from
center O to map triangle A'B'C’ onto
triangle ABC.

Summary:

23
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Lesson 3 - Independent Practice

1. Dilate the figure from center 0 by a scale factor r = 2. Make sure fo use enough points to
make a good image of the original figure.

2. Describe the process for selecting points when dilating a curved figure.

3. A triangle ABC was dilated from center O by a scale factor of r = 5. What scale factor would
shrink the dilated figure back to the original size?

24
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4. A figure has been dilated from center O by a scale factor of r = % . What scale factor would
shrink the dilated figure back to the original size?

5. A figure has been dilated from center 0 by a scale factor of r = 110 What scale factor would
magnify the dilated figure back to the original size?

25
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Lesson 4 - Fundamental Theorem of Similarity

Essential Questions:

26
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Will this always
happen, no matter
the scale factor or
placement of points,
Q, A, and B?

Describe the rule or
pattern that we have
discovered in your
own words.

Theorem: Given a dilation with center 0 and scale factor r, then for any two points P and Q in the
plane so that 0, P, and Q are not collinear, the lines PQand P'Q’ are parallel, where P' = Dilation (P)
and Q' = Dilation(Q), and furthermore, |P'Q'| = r|PQ|.

27
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Exercise

In the diagram, points R and S have been dilated from center O by a scale factor of r = 3.

O

a. If thelength
of |OR| = 2.3
cm, what is
the length of
|OR' |?

b. If the length
of |0S] =35
cm, what is
the length of
|os' |?

c. Connect the
point R to the
point S and
the point R’ to
the point S'.
What do you
know about
lines RS and
R'S' ?

28



d. What is the
relationship
between the
length of
segment RS
and the
length of
segment R'S' ?
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e. Identify pairs
of angles that
are equal in
measure. How
do you know
they are
equal?

Summary:

29
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Lesson 4 - Independent Practice

1. Use a piece of hotebook paper to verify the Fundamental Theorem of Similarity for a scale
factor r thatis O <r< 1.
0 Mark a point 0 on the first line of notebook paper.
0 Mark the point P on a line several lines down from the center 0. Draw a ray, OPF .
Mark the point P' on the ray, and on a line of the notebook paper, closer to O than
you placed point P. This ensures that you have a scale factor that is 0 < r < 1. Write
your scale factor at the top of the notebook paper.
o Draw another ray, 0Q, and mark the points Q and Q' according to your scale factor.
Connect points P and Q. Then, connect points P' and Q'.
0 Place a point 4 on line PQ between points P and Q. Draw ray OA. Mark the point A’ at
the intersection of line P'Q' and ray OA.

o

a. Are lines PQand P'Q' parallel lines? How do you know?

b. Which, if any, of the following pairs of angles are equal in measure? Explain.
i. 20PQ and 20PQ'

ii. ZOAQ and 204'Q'

iii. zZ0APand 20A4'P’

iv. 20QPand 20QP'

30
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c. Which, if any, of the following statements are true? Show your work to verify or dispute each
statement

i. |oP'| = r|OP|
ii. loQ'| = r|oq]
ii. |[P'A"| = r|PA|
iv. [A'Q"| = r|AQ|

d. Do you believe that the Fundamental Theorem of Similarity (FTS) is true even when the scale
factor is O < r < 1. Explain.

31



Eureka Math Module 3 - Similarity

2. Caleb sketched the following diagram on graph paper. He dilated points B and C from center O.

a. What is the scale factor 2 Show your work.

b. Verify the scale factor with a different set of segments.

c.  Which segments are parallel? How do you know?

d. Which angles are equal in measure? How do you know?

32
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3. Points B and C were dilated from center O.

P

a. What is the scale factor r? Show your work.

b. If the length of |OB| = 5, what is the length of |0B'|?

c. How does the perimeter of triangle OBC compare to the perimeter of triangle OB'C'?

d. Did the perimeter of triangle OB'C’' = r x (perimeter of triangle 0 BC)? Explain.

33
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Lesson 5 - First Consequences of FTS

Essential Questions:

The Fundamental
Theorem of Similarity
states: (in your own
words)

Converse of a
Theorem:

Converse of
Fundamental Theorem
of Similarity:

34
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Exercise 1

In the diagram below, points P
and Q have been dilated from
center O by scale factor r.
PQI P'Q, |PQl =5 cm, and
|P'Q'| =10 cm.

IP'Q'[=10

a. Determine the scale factor
of r.

b. Locate the center 0 of
dilation. Measure the
segments to verify that

loP|=r|0A
and |0Q|=7]00Q|.

Show your work below.

35
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Example 1

In the diagram, we have | —
center 0 and ray 0A4.

We want to find the

coordinates of point A. | ]

We are given that the

scale factor of dilation
isr=2.

Exercise 2

In the diagram, you are
given center 0 and

ray OA. Point A is dilated by
a scale factor r = 3. Use
what you know about FTS to
find the location of point A'.

— ] P

—_— 12

36




Example 2

In the diagram we
have center O and ray
0A. We are given the
scale factor of
dilation r = % We
want to find the
precise coordinates
of point A'.
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Exercise 3 In the
diagram, you are given
center 0 and ray OA.
Point 4 is dilated by a

scale factor

5
r =
12

Use what you know
about FTS to find the
location of point A'.

37
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| /

Example 3 y
In the diagram , we have —
center O and rays 04 and
0B. | A
We are given that the — s
scale factor is /

5 —
r==
8
We want to find the . / /

precise coordinate of /’
points A" and B'. — 5 ! / ! ~

Summary:

38
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Lesson 5 - Independent Practice

1. Dilate point 4, located at (3, 4) from center 0, by a scale factor r = g .

What is the precise location of point A"?

39
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2. Dilate point 4, located at (9, 7) from center 0, by a scale factor r = g Then dilate point B, located
at (9, 5) from center 0, by a scale factor of r = % . What are the coordinates of A' and B'? Explain.

-]

-

3. Explain how you used the Fundamental Theorem of Similarity in Problems 1 and 2.

40
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Lesson 6 - Dilations on the Coordinate Plane

Essential Questions:

Example 1:a

The graph represents a dilation
from center (0, O) by scale
factorr = 2.

A'= (6,

a)

. 2)

Example 1:b

The graph represents a dilation
from center (0, 0) by scale factor
r=4
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Example:1c

In lesson 5 we were given the
point A = (5, 2) and told the
scale factor of dilation was r
= 2. Remember that the
center of this dilation is
(0,0). We created the
following picture and
determined the location of 4’
to be (10,4)

(-

L |A=0.9

How can we determine the
coordinates of a dilated
point?

Example 2:

In lesson 5 we were given the
point A = (7, 6) and asked to
find the location of the

1

dilated point A’ when r = 71 .
Our work on this problem led
us to coordinates of
approximately (11, 9.4) for
point A'. Verify that we would
get the same result if we
multiply each of the
coordinates of point A by the
scale factor.

42
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Example 3:

Based on what we have learned so
far, given point A = (-2, 3), predict
the location of A' when A is dilated
from a center at the origin, (0, 0),
by scale factor r = 3

As before, mark a point B on the
x-axis. Then, |0B'| = 3|08).
Where is B' located?

Exercises 1-5

1.Point A=(7,9)is
dilated from the origin
by scale factor r = 6.
What are the
coordinates of point A?

2. Point B=(-8,5) is
dilated from the origin
by scale factor r = %
What are the
coordinates of point B"?

43




3.Point C=(6,-2)is
dilated from the origin
by scale factor r = %
What are the
coordinates of point C?
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4. Point D = (0,11) is
dilated from the origin
by scale factor r = 4.
What are the
coordinates of point D'?

5. Point E = (-2, -B) is
dilated from the origin
3

by scale factor r =~

What are the
coordinates of point E"?

44
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What is the
multiplicative
relationship between a
point and its dilated
location?

Example 5:

Parallelogram ABCD has
coordinates of (-2, 4),
(4,4),(2,-1),and (-4,
-1), respectively. Find
the coordinates of
parallelogram A'B'C'D'
after a dilation from
the origin with a scale

1
factor r = >

45



Exercises 6-8
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6. The coordinates of
triangle ABC are shown on
the coordinate plane below.
The triangle is dilated from
the origin by scale factor
r = 12. Identify the
coordinates of the dilated
triangle A'B'C".

7. Figure DEFG is shown on
the coordinate plane below.
The figure is dilated from
the origin by scale factor

r= § Identify the
coordinates of the dilated
figure D'E'F'G', and then draw
and label figure D'E'F'G' on
the coordinate plane.

46




8. The triangle ABC has
coordinates A = (3, 2),

B =(12,3),and C = (9, 12).
Draw and label triangle ABC
on the coordinate plane. The
triangle is dilated from the
L
Identify the coordinates of

the dilated triangle A'B'C’,
and then draw and label
triangle A'B'C’ on the
coordinate plane.

origin by scale factor r =

Eureka Math Module 3 - Similarity

A —z

Summary:

47
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Lesson 6 - Independent Practice

1. Triangle ABCis shown on the coordinate plane below. The triangle is dilated from the origin by
scale factor r = 4. Identify the coordinates of the dilated triangle A'B'C".

48
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2. Triangle ABCis shown on the coordinate plane below. The triangle is dilated from the origin by
scale factor r = z. Identify the coordinates of the dilated triangle A'B'C'.

Ao

3. The triangle ABC has coordinates A = (6, 1), B = (12, 4), and C = (-6, 2). The triangle is dilated
from the origin by a scale factor r = é Identify the coordinates of the dilated triangle A'B'C'.

49
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4. Figure DEFGis shown on the coordinate plane below. The figure is dilated from the origin by scale
factor r = ; . Identify the coordinates of the dilated figure D'E'F'G', and then draw and label figure
D'E'F'G' on the coordinate plane.

5. Figure DEFG has coordinates D = (1,1), E=(7,3), F = (5, -4), and G = (-1, -4). The figure is
dilated from the origin by scale factor r = 7. Identify the coordinates of the dilated figure
DEFG.

50
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Lesson 7 - Informal Proofs of Properties of Dilations

Essential Questions:

Brainstorm: What do we know about Dilations?

Properties:

Theorem:

Discussion:

Let there be dilation from
center O and scale factor r.
Given £PQR, we want to show
that if P' = Dilation(P),

Q' = DilatioQ), and

R' = Dilation(R),

then |2PQR| = |2P'Q'R' |.

b b & U

—

{

4 i p 1o 1§l 12 1B 14 1k 1p

N 4 Y4 4

51
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Exercise 1:

Use the diagram below to prove
the theorem: Dilations preserve
the measures of angles.

Let there be a dilation from
center O with scale factor r.
Given 2PQR, show that since
P=Dilation (P), Q=Dilation (Q)
and R=Dilation (R), then |2PQR)|
= |£P'Q'R' |. That is, show that
the image of the angle after a
dilation has the same measure, in
degrees, as the original.

52
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Example 1:

On the coordinate plane, mark two
points: A and B. Connect the points
to make a line; make sure you go

—
=)

beyond the actual points to show
that it is a line and not just a
segment. Now, use what you know
about the multiplicative property
of dilation on coordinates to dilate

= P LW B N -l 00D

the points from center O by some

o
oo =
1

late
o=
1

Lo =
=
1

ury

scale factor. Label the images of
the points. What do you have when -3
you connect A’ to B?

ra o=
LAVES
+ =
o=
oo
-l =
oo om

—
o

Example 2:

On the coordinate plane, mark two
points: A and B. Connect the points
to make a segment. This time,
make sure you do not go beyond
the marked points. Now, use what
you know about the multiplicative

L TR R Sy I T S I o Y

property of dilation on coordinates

o
o
—
'
o
.
.
Ly
1

to dilate the points from center 0
by some scale factor. Label the
images of the points. What do you
have when you connect A’ to B' ?

Y Y T
O 0 -l O N B L R e

ra om
orom
+ =
onom
[uily
-l =
o0 om
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Example 3:
On the coordinate plane, mark

—
[m]

two points: A and B. Connect the
points to make a ray; make sure
you go beyond point B to show
that it is a ray. Now, use what you
know about the multiplicative
property of dilation on
coordinates to dilate the points

= Ly B N e 00 D

from center O by some scale

factor. Label the images of the -; a.a 5 .6 .5 :1 .3 ; -1
points. What do you have when -2
you connect A’ to B’ ? ':

5

ra o
o
O
onom
[l
-l =
oom
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Summary:
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Lesson 7 - Independent Practice

1. A dilation from center O by scale factor r of a line maps to what? Verify your claim on the
coordinate plane.

2. A dilation from center 0 by scale factor r of a segment maps to what? Verify your claim on the
coordinate plane.

3. A dilation from center 0 by scale factor r of a ray maps to what? Verify your claim on the
coordinate plane.

4. Challenge Problem:

Prove the theorem: A dilation maps lines to lines.

Let there be a dilation from center 0 with scale factor r so that P' = Dilation(P) and Q' = Dilation(Q).
Show that line PQ maps to line P'Q’ (i.e., that dilations map lines to lines). Draw a diagram, and then
write your informal proof of the theorem. (Hint: This proof is a lot like the proof for segments.
This time, let U be a point on line PQ, that is not between points P and Q.)
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Lesson 8 - Similarity

Essential Questions:

Discussion:

Consider the following
pair of figures: S
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Example 1:

In the picture below, we have a triangle ABC that has been dilated from center O by a scale factor

of r= % It is noted by A'B'C". We also have triangle A"B"C", which is congruent to triangle A'B'C’ (i.e.,
A A'B'C' = A"B"C").

Describe the sequence
that would map triangle
A"B"C" onto triangle ABC.

58



Eureka Math Module 3 - Similarity

Example 2:

In the picture below, we have a triangle D£F, that has been dilated from center 0, by scale factor

= 3. It is noted by D'E'F'. We also have a triangle D"E"F", which is congruent fo triangle D'E'F’ (i.e., A
DIEIFI E A DIIE“FH)-

We want to describe a
sequence that would map
triangle D"E"F" onto
triangle DEF.
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Example 3:
.'/-"A 1 o
e 2
C 8

In the diagram above, A
ABC~ A A'B'C'. Describe
a sequence of a dilation
followed by a
congruence that would
prove these figures to
be similar.
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Example 4:

In the diagram below, we have two similar figures. Using the notation, we have A ABC~ A DEF. We

want to describe a sequence of the dilation followed by a congruence that would prove these
figures to be similar.

MC}. - Tr . . : 'l -1 -

+ + 4 4 1 4 4 4
oo d \Dﬂ =8 um‘t.l
-lo -5 - - . kY - - - 1 [ : ] .

=
-
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Example 5:
Knowing that a sequence of a dilation followed by a congruence defines similarity also helps
determine if two figures are, in fact, similar.

C | I I ¥

|B(",‘ = 15 units

JAC) == 18 unit

F
i | i l ! } |
EF) = 4 units
N W uﬂ[)ﬂ 6 units
[ E x
o s ' ] . ] . ] ] 1 e 1 2 3 4 5 w ]
D

Would a dilation map triangle ABC onto
triangle DEF? (i.e., Is A ABC~ A DEF?)

Example 6:
Would a dilation map Figure A onto
Figure A? (i.e., Is Figure A ~ Figure A'?)

16 units 8 units

Figurd A'

12 units

Figure A 24 units
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Exercises 1-4:

1. Triangle ABC was dilated from center O by scale factor r = % The dilated triangle is noted by
A'B'C'. Another triangle A"B"C" is congruent to triangle A'B'C’ (i.e., A A"B"C" =A A'B'C’).

¥y

Describe a dilation followed by the
basic rigid motion that would map
triangle A"B"C" onto triangle ABC.
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2. Describe a "
sequence — A
that would J
show A
ABC~ A | | | Ly | ] | | ! v ] I
A'BC. | | \\ | | o x
BT 0 » s -7 M s a ) 3 N ° \ :

b [ ]

3. Are the two
triangles
shown
similar? If

—

—_—

so, describe .

a sequence
that would
prove A
ABC~ A
ABC. If
not, state
how you
know they
are not
similar.
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4. Are the two
triangles shown
below similar? If
so, describe a
sequence that
would prove

A ABC~ A AB'C'. If
not, state how you
know they are not
similar.
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10,67 wrats

N units

G unnls

=

65
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Summary:
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Lesson 8 - Independent Practice

1. In the picture below, we have a triangle DEF that has been dilated from center 0 by scale factor
r = 4. It is noted by D'E'F'. We also have a triangle D"E"F", which is congruent fo triangle D'E'F'

(i.e., A D'E'F' =A DD"E"F"). Describe the sequence of a dilation, followed by a congruence (of one or
more rigid motions) that would map triangle D"E"F" onto triangle D EF.
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2. Triangle ABC was dilated from center O by scale factor r = % The dilated triangle is noted by
A'B'C'. Another triangle A"B"C" is congruent to triangle A'B'C’ (i.e., A A"B"C" =A A'B'C"). Describe the
dilation followed by the basic rigid motions that would map triangle A"B"C" onto triangle ABC.

3. Are the two figures shown below similar? If so, describe a sequence that would prove the
similarity. If not, state how you know they are not similar.

FigarrA
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4. Triangle ABCis similar to triangle A'B'C’ (i.e., A ABC~ A A'B'C’). Prove the similarity by describing
a sequence that would map triangle A'B'C’ onto triangle ABC.

. 5 units C
¥ 24 units
{ units 15 units

S unils

A

12 units

5. Are the two figures shown below similar? If so, describe a sequence that would prove
A ABC~ A A'B'C'. If not, state how you know they are not similar.

1.2 units v
A 1.5 units

3 C
2.1 units

10.5 units

7.5 units

6 units
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6. Describe a sequence that would show A ABC~ A A'B'C'.

— ¥
I B
—
—
_—
C
—
—1
']
L] 1 2 3 “ 5 6 7 J 9 10 1 13 14 15
— =]
B
—2
= A c
—
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Lesson 9 - Basic Properties of Similarity

Essential Questions:

Exploratory Challenge 1:

The goal is to show that if A ABCis similar to A A'B'C’ , then A A'B'C' is similar to A ABC.
Symbolically, if A ABC~ A A'B'C', then A A'B'C' ~a ABC.

¥

a. First determine
whether or not A ABCis
in fact similar to A
A'B'C.

Use a protractor to
verify that the
corresponding angles
are congruent and that
the ratios of the
corresponding sides are
equal to some scale
factor.
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b. Describe the
sequence of dilation
followed by a
congruence that proves
A ABC~A AB'C'.

c. Describe the
sequence of dilation
followed by a
congruence that proves
A AB'C' ~A ABC

d. Is it true that A ABC
~A AB'C' and

A A'B'C' ~a ABC? Why
do you think this is so0?
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Exploratory Challenge 2:

The goal is to show that if A ABCis similar to Ao A'B'C’, and A A'B'C' is similar o A A"B"C", then A
ABCis similar to A A"B"C". Symbolically, if AABC~A A'B'C'and A A'B'C' ~A A"B"C", then A ABC ~A
A”B“C”.

6.3,

a. Describe the similarity that proves
A ABC~n AB'C'.

b. Describe the similarity that proves
A AB'C' ~A A"B"C".
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c. Verify that, in fact, A ABC~a
A"B"C" by checking corresponding
angles and corresponding side lengths.
Then describe the sequence that
would prove the similarity A ABC ~a
A"B"C".

d. Is it frue that if A ABC~a A'B' ('
and A A'B'C' ~A A"B"C", then A ABC
~A A"B"C"? Why do you think this is
so?

Summary:
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Lesson 9 - Independent Practice

1. Would a dilation alone be enough to show that similarity is symmetric? That is, would a dilation
alone prove that if A ABC~a A'B'C', then A A'B'C' ~A ABC? Consider the two examples below.

a. Given A ABC~A A'B'C' . Is a dilation enough to show that A A'B'C' ~A ABC? Explain.

/

7 -
~

c

b. Given A ABC~A A'B'C' . Is a dilation enough to show that A A'B'C' ~A ABC? Explain.

A,

c. In general, is dilation enough to prove that similarity is a symmetric relation? Explain.

75



Eureka Math Module 3 - Similarity

2. Would a dilation alone be enough to show that similarity is fransitive? That is, would a dilation
alone prove that if A ABC~A A'B'C’,and A A'B'C' ~A A"B"C", then A ABC~A A"B"'C""? Consider the

two examples below.

a. Given A ABC~A A'B'C' and A A'B'C' ~A A”B"C". Ts a dilation enough to show that A ABC ~A
A"B"C"? Explain.

10fy

A

64 |
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b. Given AABC~AA'B'C' and AA'B'C' ~AA"B"C". Is a dilation enough to show that AABC ~AA"B"C"?
Explain.

104

n*
‘

c. In general, is dilation enough to prove that similarity is a transitive relation? Explain.
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3. In the diagram below, A ABC~A A'B'C' and A A'B'C' ~ AA"B"C". Is A ABC~ A A"B"C"? If so,
describe the dilation followed by the congruence that demonstrates the similarity.

6+
c
' -
f A B
_.v‘r L| 1 41 =I‘ ]-,
‘II
3 !
|
Py ' !
At 3
A B {
L R ]
14+—— | \
f
D \I \
' 1 ' 1 ) ¥ ' \ t 1
7 G 5 “ 3 -2 1 0 N/ rd '\“..‘ 4 5 6
aC {
-14 {
2 .
C
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Lesson 10 - Informal Proof of AA Criterion for Similarity

Essential Questions:
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Concepts:

Eureka Math Module 3 - Similarity

The AA criterion for
similarity theorem
states:

Why do we only need to
show that two of the
three angles are equal in
measure?

What other property do
similar triangles have
besides equal angles?

Do you believe that it is
enough to say that fwo
triangles are similar just
by comparing two pairs
of corresponding angles?
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Exercises 1-2

Eureka Math Module 3 - Similarity

1. Use a protractor to draw a
pair of triangles with two
pairs of equal angles. Then
measure the lengths of sides,
and verify that the lengths
of their corresponding sides
are equal in ratio.

2. Draw a new pair of
triangles with two pairs of
equal angles. Then measure
the lengths of sides, and
verify that the lengths of
their corresponding sides are
equal in ratio.
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Informal Proof:

We begin with a special
case. Suppose A = 4', and B’
and C' lie on the rays 4B’
and AC, respectively.

How do we prove that
AABC ~ AA'B'C"?

Example 1:

Are the triangles shown
below similar? Present an
informal argument as to
why they are or why they
are not.

Example 2:
Are the triangles shown ( c
below similar? Present an /|
informal argument as to why
they are or why they are
hot.
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Example 3:

Are the friangles shown
below similar? Present an
informal argument as to why
they are or why they are
not.

Excercises 3-5

3. Are the triangles shown
below similar? Present an
informal argument as to
why they are or are not
similar.

103,

4. Are the triangles shown
below similar? Present an
informal argument as to
why they are or are not
similar.
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5. Are the triangles shown
below similar? Present an
informal argument as to
why they are or are not
similar.

Eureka Math Module 3 - Similarity

Summary:
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Lesson 10 - Independent Practice

1. Are the triangles shown below similar? Present an informal argument as to why they are or are
not similar.

2. Are the triangles shown below similar? Present an informal argument as fo why they are or are
not similar.

[
c

64"

"
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3. Are the triangles shown below similar? Present an informal argument as fo why they are or are
not similar.

4. Are the triangles shown below similar? Present an informal argument as to why they are or are

C'
& A
-
c
8

not similar.
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5. Are the triangles shown below similar? Present an informal argument as to why they are or are
not similar.

6. Are the triangles shown below similar? Present an informal argument as to why they are or are
not similar.
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7. Are the triangles shown below similar? Present an informal argument as to why they are or are
not similar.
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Lesson 11 - More About Similar Triangles

Essential Questions:

Example 1 A

Given the information provided, is [\ 1 )

A ABC~ A DEP? ) ¢ 3
B 6

What if we combined our knowledge of
dilation and similarity? That is, we know
we can translate A ABCso that the
measure of 24 is equal in measure to £D.

Can we tell if the triangles are similar
now?
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Example 2

Given the information provided, is
A ABC~ A ABC? Explain.

90

|AB|=4.9

|AC'|=7.1
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Example 3

Given that A ABC~ A ABC', could we
determine the length of AB'? What
does it mean fo say that

A ABC~ A ABC?
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Example 4
If we suppose X Yis parallel to 2
XY', can we use the
information provided to
determine if

A OXY~ A OX'Y' ? Explain.

|OX| =4

|X'Y’| = 6.25

Can we determine the length
of side 0X'? Explain.

Find the length of 0Y".
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Example 5

Given the information
provided, can you
determine if A 0PQ~
A OP'Q"? Explain.
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Exercises 1-3

1. In the diagram below, you have A ABC and A AB'C'. Use this information to answer parts

(a)-(d)

AB'| = 2.7

BJ

B

a. Basedonthe
information given,
is A ABC~ A AB'C'?
Explain.

b. Assume line BCis
parallel to line B'C'.
With this
information, can
you say that A
ABC~ A AB'C'?
Explain
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c. Given that A ABC~
A AB'C' , determine
the length of side
AC .

d. Given that A ABC~
A AB'C' , determine
the length of side
AB.

95



Eureka Math Module 3 - Similarity

2. In the diagram below, you have AABC and AA'B'C' . Use this information to answer parts (a)-(c).

|C'B’| = 8.96 o

|AB'| = 5.12

. |AB| = 3.2

a. Basedonthe
information
given, is A ABC~
A A'B'C?
Explain.

b. Given that A
ABC~ A A'B'C,
determine the
length of side
A'C'.

c. Given that A
ABC~ A A'B'C,
determine the
length of side
BC.
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3. In the diagram below, you have AABC and AA'B'C'. Use this information to answer the
question below.

|A'B'| = 10.58

Based on the information given, is A ABC~ A A'B'C' ? Explain.

Summary:
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Lesson 11 - Independent Practice

1. In the diagram below, you have A ABCand A A'B'C’. Use this information to answer
parts (a)-(b).

a. Based on the information given, is A ABC~ A A'B'C’' ? Explain.

b. Assume the length of side ACis 4.3. What is the length of side A'C"?
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2. Inthe diagram below, you have A ABCand A AB'C'. Use this information to answer
parts (a)-(d).

|AC] = 16.1

|CB| = 11.2

|AB| = 1.7

a. Based on the information given, is A ABC~ A AB'C? Explain.

b. Assume line BC is parallel to line B'C'. With this information, can you say that

A ABC~ A AB'C'? Explain.

c. Given that A ABC~ A AB'C’, determine the length of side AC'.

d. Given that A ABC~ A AB'C’, determine the length of side AB'.
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3. In the diagram below, you have A ABC and A A'B'C’ . Use this information to answer parts (a)-(c).

|BCl =39

|A'B| = 8.75

A |AC| =5

a. Based on the information given, is A ABC~ A A'B'C' ? Explain.

b. Given that A ABC~ A A'B'C’, determine the length of side B'C' .

c. Given that A ABC~ A A'B'C', determine the length of side AC.
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4. In the diagram below, you have A ABCand A AB'C' . Use this information to answer the question
below.

|AC] = 12.6

|AB'|=3 g

|AB| =9

Based on the information given, is A ABC~ A AB'C'? Explain.
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5. In the diagram below, you have A ABCand A A'B'C' . Use this information to answer parts (a)-(b).

|BC| = 18.75

C |BC| =158

|A'C’'| = 8.2

a. Based on the information given, is A ABC~ A A'B'C' ? Explain.

b. Given that A ABC~ A A'B'C', determine the length of side A'B".
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Lesson 12 - Modeling Using Similarity

Essential Questions:

Example 1

Not all flagpoles are perfectly
upright (i.e., perpendicular to
the ground). Some are oblique
(i.e., neither parallel nor at a

right angle, slanted). Imagine
an oblique flagpole in front of
an abandoned building.

Can we use sunlight and
shadows to determine the
length of the flagpole?
Assume that we know the

following information: The
length of the shadow of the
flagpole is 15 feet. There is a
mark on the flagpole 3 feet
from its base. The shadow of
this three feet portion of the
flagpole is 1.7 feeft.
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Mathematical Modeling Exercises

1. You want to determine the approximate height of one of the tallest buildings in the city. You are
told that if you place a mirror some distance from yourself so that you can see the top of the
building in the mirror, then you can indirectly measure the height using similar triangles. Let O be
the location of the mirror so that the person shown can see the top of the building.

:
L8 (%

o

a. Explain why A ABO~ A STO.

b. Label the diagram with the following information: The distance from eye-level straight down to
the ground is 5.3 feet. The distance from the person fo the mirror is 7.2 feet. The distance from

the person to the base of the building is 1,750 feet. The height of the building will be represented
by x.
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c. What is the distance from the mirror to the building?

d. Do you have enough information to determine the approximate height of the building? If yes,
determine the approximate height of the building. If not, what additional information is needed?
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2. A geologist wants to determine the distance across the widest part of a nearby lake. The
geologist marked off specific points around the lake so that line D £ would be parallel to line BC. The
segment BC'is selected specifically because it is the widest part of the lake. The segment DE'is

selected specifically because it was a short enough distance to easily measure. The geologist
sketched the situation as shown below.

a. Has the geologist done enough work so far to use similar triangles to help measure the widest
part of the lake? Explain.

b. The geologist has made the following measurements: |D£| = 5 feet, |A£] = 7 feet, and |EC] = 15
feet. Does she have enough information to complete the task? If so, determine the length across
the widest part of the lake. If not, state what additional information is needed.
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c. Assume the geologist could only measure a maximum distance of 12 feet. Could she still find the
distance across the widest part of the lake? What would need to be done differently?
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3. A tree is planted in the backyard of a house with the hope that one day it will be tall enough to
provide shade to cool the house. A sketch of the house, tree, and sun is shown below.

a. What information is needed to determine how tall the tree must be to provide the desired
shade?

b. Assume that the sun casts a shadow 32 feet long from a point on top of the house to a point in
front of the house. The distance from the end of the house's shadow to the base of the tree is 53
feet. If the house is 16 feet tall, how tall must the tree get to provide shade for the house?

c. Assume that the free grows at a rate of 2.5 feet per year. If the tree is now 7 feet tall, about
how many years will it take for the tree to reach the desired height?
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Summary:
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Lesson 12 - Independent Practice

1. The world's tallest living tree is a redwood in California. It's about 370 feet tall. In a local park,

there is a very tall tree. You want to find out if the tree in the local park is anywhere near the
height of the famous redwood.

a. Describe the friangles in the diagram, and explain how you know they are similar or not.

b. Assume A ESO~ A DRO. A friend stands in the shadow of the tree. He is exactly 5.5 feet tall and
casts a shadow of 12 feet. Is there enough information to determine the height of the tree? If
so, determine the height. If not, state what additional information is needed.
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c. Your friend stands exactly 477 feet from the base of the tree. Given this new information,
determine about how many feet taller the world's tallest tree is compared to the one in the local
park.

d. Assume that your friend stands in the shadow of the world's tallest redwood and the length of
his shadow is just 8 feet long. How long is the shadow cast by the tree?

2. A reasonable skateboard ramp makes a 25° angle with the ground. A two feet tall ramp requires
about 4.3 feet of wood along the base and about 4.7 feet of wood from the ground to the top of
the two-foot height o make the ramp.

a. Sketch a diagram to represent the situation.
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b. Your friend is a daredevil and has decided to build a ramp that is 5 feet tall. What length of
wood will be needed to make the base of the ramp? Explain your answer using properties of
similar triangles.

c. What length of wood is required to go from the ground to the top of the 5-foot height to make
the ramp? Explain your answer using properties of similar triangles.
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Lesson 13 - Proof of Pythagorean Theorem

Essential Questions:

Discussion

The concept of similarity can be used to prove one of the great theorems in mathematics, the
Pythagorean Theorem. What do you recall about the Pythagorean Theorem from our previous work?

In this lesson we are going

A

to take a right triangle, A
ABC, and use what we
know about similarity of
triangles to prove a? + b? =

C2

Name the three
triangles.
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Let's look at the triangles in a different orientation in order to see why they are similar. We can
use our basic rigid motions to separate the three triangles. Doing so ensures that the lengths of
segments and measures of angles are preserved.

A
C
J'i b 4
& a
D C C - B D B

To have similar triangles by
the AA criterion, the
triangles must have two
common angles. Which
angles prove that A ADC
and A ACB similar?

Which angles prove that a
ACBand A CDABare similar?

If A ADC— A ACBand A
ACB -~ A CDB, is it true
that A ADC -~ A COB? How
do you know?
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On Your Own

Use the Pythagorean Theorem to determine the unknown length of the right triangle.

1.

Determine the length of side c in each of the triangles below.

a.
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3. Determine the length of Q5. (Hint: Use the Pythagorean
Theorem twice.)

s

Summary:
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Lesson 13 - Independent Practice

Use the Pythagorean Theorem to determine the unknown length of the right triangle.

1. Determine the length of side c in each of the triangles below

4. A
C
6 N
Cc 8 B
b. 08 B
C’
0.6 c
A
2. Determine the length of side a in each of the triangles below.

d.
A
17
8
B
a c
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b.
08—
V7
B

3. Determine the length of side b in each of the triangles below.

a. B
% 20
[
A : c
b.

A
IN
b
2

5
C B
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4. Determine the length of side a in each of the triangles below.

a. B
20

a

4 12 ¢

b A
2
1.2
C a B

5. What did you notice in each of the pairs of Problems 1-4? How would this be helpful in solving
problems like these?
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Lesson 14 - The Converse of the Pythagorean Theorem

Essential Questions:

Concept:

The following is a proof
of the converse. Assume
we are given a triangle
ABCwith sides a, b, and
c. We want to show that
£ABCis a right angle. To
do so, we will assume
that £ABC is not a right 8 c o
angle. Then |2ACB| > 90°
or |£ACB| < 90°. For
brevity, we will only
show the case for when
|2ACB]| > 90°
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Example 1
Is the triangle shown a

right triangle? - R

546

Example 2

Is the triangle shown a 12
right triangle?
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Exercises 1-7, complete 1-4 on your own.

1. Is the triangle shown

a right triangle? Show

your work, and answer in 9
a complete sentence.

2. Is the triangle shown

3. Is the triangle shown

a right triangle? Show 2
your work, and answer in 1
a complete sentence.

15
12
a right triangle? Show
your work, and answer in
a complete sentence. 45
4.2
3.5
7
70
154
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4. TIs the triangle shown
a right triangle? Show

your work, and answer in
a complete sentence. 4

L7}

5. Is the triangle shown
a right triangle? Show
your work, and answer in

10
a complete sentence.

6. Is the triangle shown
a right triangle? Show
your work, and answer in
a complete sentence.
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7. Is the triangle shown
a right triangle? Show
your work, and answer in
a complete sentence.

2.5

Summary:
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Lesson 14 - Independent Practice

1. The numbers in the diagram below indicate the units of length of each side of the triangle. Is the
triangle shown below a right triangle? Show your work, and answer in a complete sentence.

12

2. The numbers in the diagram below indicate the units of length of each side of the triangle. Is the
triangle shown below a right triangle? Show your work, and answer in a complete sentence.

24

47
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3. The numbers in the diagram below indicate the units of length of each side of the friangle. Is the
triangle shown below a right triangle? Show your work, and answer in a complete sentence.

85

b1
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4. The numbers in the diagram below indicate the units of length of each side of the triangle. Sam

said that the following triangle is a right triangle. Explain to Sam what he did wrong to reach this
conclusion and what the correct solution is.

40

5. The numbers in the diagram below indicate the units of length of each side of the friangle. Is the
triangle shown below a right triangle? Show your work, and answer in a complete sentence.

U
25
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6. Jocelyn said that the triangle below is not a right triangle. Her work is shown below. Explain what
she did wrong, and show Jocelyn the correct solution.

27

We need to check if 27 + 452 = 367 is a true statement. The left side of the equation is equal to
2,754. The right side of the equation is equal to 1,296. That means 272 + 452 = 36 is not true, and
the triangle shown is not a right triangle.
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